We introduce a new pension product that offers retirees the opportunity for a lifelong income and a bequest for their estate. Based on a tontine mechanism, the product divides pension savings between a tontine account and a bequest account. The tontine account is given up to a tontine pool upon death while the bequest account value is paid to the retiree's estate. The values of these two accounts are continuously re-balanced to the same proportion, which is the key feature of our new product.
Introduction
Longevity risk, the risk of living longer than expected, is one of the major financial issues for retirees. It impacts on how much a retiree can withdraw as an income from their savings. Withdraw too much too soon and they risk running out of money. Withdraw too little and they risk having an unnecessarily low standard of living in retirement. Mitigation against longevity risk should be an integrated part of a retirement plan. This can be done through life annuities or modern tontines. A tontine allows its participants to pool directly their longevity risk together rather than indirectly through an insurance company, as is done with life annuities.
We study how much of their pension savings a retiree should put into an innovative tontine structure. We allow for the retiree to withdraw a sustainable income and their desire to leave a bequest. Surprisingly, the formulation can be and, indeed, is different from that of a life annuity contract. A tontine can be structured more flexibly while having regard to adverse selection effects. Although our results are derived in a theoretical framework, the high-level conclusion is that tontines can form a significant part of retirement investment to the financial benefit of the retiree and their estate.
The purpose of a modern tontine is to pay a life-long income to its participants. Those who die earlier will, in effect, subsidize the income of the survivors. The benefits of a modern tontine are gained by all of its surviving participants. This feature of modern tontines contrasts with the popular image of historical tontines in which it is only the last survivor who gains everything. Indeed, modern tontines can be thought of as life annuity contracts without the attendant guarantees.
Yet participants in modern tontines can have a better financial outcome than can be achieved through life annuities. The tontine participants avoid the expensive, decades-long guarantees inherent in conventional life annuities. In doing so, they can achieve a higher expected income in return for accepting more risk in the level and duration of their tontine-derived income.
Participants should also have a better financial outcome while alive than those in income drawdown, the latter being those who withdraw an income from their invested pension savings without any type of longevity insurance mitigation. The tontine participants can follow the same investment strategy as they would do in income drawdown. However, due to their participation in a tontine, they receive additional money, called longevity credits, as long as they survive. This means that there is a good chance that they have an income for life and the sustainable level of that life-long income is higher than in income drawdown.
Surprisingly, in our proposed tontine structure it is possible for retirees to leave a higher bequest than an individual who is in income drawdown, in addition to a lifelong income. While it is not always true and depends on the age of death of the individual, it illustrates that tontines allow us to re-think what is possible for retirees.
In our tontine structure, savings are divided between two accounts called a tontine account and a bequest account. We show that the proportion of pension savings that are allocated to a tontine account is close to a constant, regardless of the strength of the bequest motive for typical levels of risk aversion. As the retiree becomes more risk-seeking, the conclusion is very sensitive to the model's parameter values and should be studied further in a more nuanced setting.
The pension savings that are not put in the tontine account are allocated to a bequest account. Both the bequest account and the tontine account are invested in the financial market. However, only the tontine account attracts longevity credits from the tontine pooling, and only the tontine account value is given up if the retiree dies. The value of the bequest account is paid to the retiree's estate upon their death.
The proportion of savings in the tontine account is maintained at a fixed proportion at all times.
Both accounts grow at the same investment return rate and both are reduced by the same rate due to consumption. Thus some of the longevity credits paid into the tontine account must be instantaneously transferred to the bequest account, in order to maintain the fixed ratio of the two account values. Our contribution to the literature is two-fold. First, we introduce an entirely new contract based on mondern tontines that allows retirees to benefit from a potentially life-long income and to satisfy their desire to leave a bequest. This contract may be very attractive; in a poll of around 180 actuaries and actuarially-interested individuals, and after they had the contract explained to them, 50% of them chose the modern tontine with bequest as a vehicle for decumulation, whereas 25% of them chose a pure modern tontine (i.e. with no bequest feature) and the remaining respondents were equally split between a conventional life annuity and an income drawdown choice.
Second, we analyze our new contract and find some surprising results. For example, the least risk averse retirees put more into the tontine account because they hope to live long enough for their estate to benefit from an increasingly large bequest account. For more risk averse retirees, the proportion of their savings allocated to the tontine account is relatively stable regardless of the strength of their bequest motive.
We assume an idealized set-up where the tontine is a perfect pool and there is no loss of longevity credits to the wider tontine pool due to the transfers from the tontine account to the bequest account. The applicability of this assumption in a finite pool is a future area of study. Nonetheless, analyzing the contract in our idealized model allows us to gain insights into how different retiree's risk preferences affect their consumption rate and allocation of pension savings to the tontine account.
Background
The pooling of longevity risk in a modern tontine is the same principle that underlies life annuities. The latter have been extensively studied in the economics literature particularly as retirees do not buy life annuities as much as predicted by economic models, a phenomenon called the annuity puzzle. There is no consensus view on the causes of the annuity puzzle and there is possibly no single explanation for it. Reasons proposed for its existence include: a desire to leave a bequest; annuities being perceived as expensive even if retirees' estimate of their own life expectancy concurs with the basis used to price the annuity; retirees under-estimating their life expectancy; and viewing the life annuity in an investment frame rather than in a consumption frame. See, for example, Mitchell et al. (2011) for a discussion of the possible causes of the annuity puzzle.
As modern tontines are relatively new and their risk-sharing mechanisms are the foremost topic of papers on them, not many papers consider how to incorporate different tontine designs into the life-cycle (as exceptions, see for example Hanewald et al. 2013; Valdez et al. 2006 ). There are many more papers which analyze life annuities in a life-cycle setting which, due to their similarities with tontines, are pertinent to the integration of tontines into the life-cycle setting. Here we review some of the papers on life annuities which have results of some relevance to our paper.
Some papers have focused on the optimal time to annuitize, using different objective functions to optimize (Milevsky, 1998; Milevsky and Young, 2007; Di Giacinto and Vigna, 2012; Gerrard et al., 2012) . The optimal time depends on the would-be annuitant's attitude to risk, as encapsulated by the chosen objective function, their future distribution of death and the anticipated returns on financial assets. It is likely to be at older ages, as this is when the "mortality return" from a life annuity contract starts becoming increasingly significant. We choose a fixed age of 65 years for our numerical illustrations, with the retiree immediately allocating at age 65 a fixed proportion of their total pension savings to the tontine account.
Other papers have asked a similar question to us, i.e. what is the optimal balance between a bequest and a life annuity, where we substitute a bequest account and tontine account, respectively. However, as the sum of a life annuity contract and a bequest is not the same as our new tontine product, the existing answers in the literature cannot answer our question. Babbel and Merrill (2006) ask how much of your wealth should you use to buy a life annuity. They allow for life annuities to be more expensive than the actuarially fair price due to real-world considerations such as costs, fees and profit margins. Even when annuities are 40% above their actuarially fair price, a risk-averse retiree should still annuitize half of their wealth according to their CRRA-utility model. Milevsky and Young (2007) determine an optimal annuitization strategy and allow the retiree a good deal of flexibility in the timing of their purchases. Investors are free to annuitize their wealth as they want: using lump sums and continuous purchases. They find that retirees should always hold some annuities. Moreover, they should increase their annuity holdings as they become wealthier, which is called phased annuitization. Kingston and Thorp (2005) extend the results of Milevsky and Young (2007) to HARA utility functions, while Blake et al. (2014) also find that phased annuitization is optimal. For our product, we ask a much simpler question: what fixed proportion of total pension savings should be allocated to the tontine account, with the remainder allocated to the bequest account. Horneff et al. (2008) have an extended version of the setting of Milevsky and Young (2007) , which is closer to our setting but again, they use irreversible life annuity contracts. Like us, they allow for a bequest motive. They find that partial annuitisation is preferred when there is a bequest motive. Further, when the retiree is forced to annuitize all or none of their wealth at a time of their choosing, then it is optimal to annuitize none of it when there is a bequest motive. Eventual full annuitization is optimal when there is no bequest motive. Hainaut and Devolder (2006) obtain fairly similar results when determining the optimal allocation at the retirement date. In our setting, we find that putting all of the retiree's pension savings in the tontine account is optimal only for the least risk averse retirees. As risk aversion increases, less than 100% is allocated to the tontine account.
While many papers assume that the investment return underlying a life annuity contract is the risk-free rate, Horneff et al. (2010) allow for variable payout annuities, also called investment-linked annuities, in their asset universe. The investment return is random in these contracts. We also allow for random investment returns. In Horneff et al. (2010) , the investor has to decide how much to consume and how much to invest in a variable payout annuity, a risky stock and a riskfree bond. The solution is a pair consisting of an optimal withdrawal strategy and an optimal investment strategy. The expectation of the sum of the investor's discounted utility of lifetime consumption and utility due to a bequest are maximized. Horneff et al. (2010) find that the retiree never fully annuitizes exactly at the retirement date, even without any bequest motive. Instead, full annuitization is completed at a later age. In our setting, we constrain the proportion of pension savings allocated to the tontine account to be a constant at all times, and so we do not allow for a varying proportion, as effectively occurs in Horneff et al. (2010) .
Modern tontines

A brief review of modern tontines
Modern tontines allow retirees to make cost-efficient use of their savings in order to gain a higher income for longer, compared to someone who is in income drawdown. Simultaneously, it allows them to mitigate their longevity risk which, in this context, we interpret as the risk of outliving their savings.
Modern tontines are a re-interpretation of the life annuity contract. They mimic the fundamental mechanism underlying life annuities; the shorter-lived participants subsidize the longer-lived. The subsidies happen throughout the participants' lifetimes; modern tontines are not structured so that the "last survivor" takes all. While tontines have a bad connotation in the popular imagination, the existence of the annuity puzzle and the challenges facing many retirees in today's world in converting a pension pot into an income suggest that they may have a strong role to play (Milevsky, 2015) .
A key difference of a pure tontine from the life annuity is that there are no guarantees built into the tontine. While longevity risk is mitigated for the tontine participant, it is not eliminated as it is for the purchaser of a life annuity contract. Guarantees can be bought on tontines, but there are not a fundamental or necessary part of them.
The absence of guarantees means that a pure tontine is not for the very risk-averse. However, the lack of guarantees also means that tontine participants can avoid paying for and being constrained by guarantees. They can benefit from pooling longevity risk without having to buy the associated investment and longevity guarantees which are an integral part of conventional life annuities. In exchange for bearing the volatility of the longevity risk, tontine participants may gain a higher return and consequently a higher income than a life annuitant.
A downside of pure tontines, just as in life annuities, is the absence of a bequest for those who wish to leave money after their death. The value of funds allocated to a tontine by a retiree are shared among the tontine's participants. This is the flip-side of the mitigation of the risk of outliving one's savings; the tontine participant must give up any money allocated to the tontine upon their death.
Several tontine structures have been proposed recently, with the common goal of paying an income for life to the tontine members. Some of them are set up to pay a specified income to their members, with the calculation of the income specified up front. Others pay "longevity credits" to their members, namely the re-distribution of the funds of deceased members among the tontine participants, but do not specify how money should be withdrawn as an income by each participant in the tontine.
The tontines that explicitly allocate longevity credits can be classified as explicit tontines. Each member has an individual account value, which accumulates with investment returns, any new money paid in and longevity credits from the tontine pooling. Income is withdrawn by the member for their needs, although there are likely to be limitations on withdrawals to minimize adverse selection and moral hazard effects.
In contrast, implicit tontines promise to pay the participants an income for life, but longevity credits are not explicitly allocated to the participants. For example, an implicit tontine is the group self-annuitization scheme of Piggott et al. (2005) , which has been further studied in Hanewald et al. (2013) ; Qiao and Sherris (2013) ; Valdez et al. (2006) . Similarly, Milevsky and Salisbury (2015) propose an implicit tontine and extend it to heterogeneous groups in Milevsky and Salisbury (2016) . Real-world examples of an implicit tontine are some annuities issued by TIAA (Forman and Sabin, 2015; Milevsky, 2015) .
Explicit tontines can still pay an income to their members and look like an implicit tontine. However, they allocate explicitly longevity credits to the individual accounts of participants. Thus an income paid to a participant is dependent on their own personal account value. Different rules of calculating the longevity credits are proposed in Donnelly et al. (2014) ; Sabin (2010); Stamos (2008) . Bräutigam et al. (2017) compare the tontine of Donnelly et al. (2014) against that of Milevsky and Salisbury (2016) , but are unable to fit the two structures into a single, over-arching structure. Similarly, Donnelly (2015) compares the scheme of Donnelly et al. (2014) against the group selfannuitization scheme of Piggott et al. (2005) , and finds that the financial outcomes due to pooling longevity risk are similar if there are enough people in each scheme.
A new tontine structure that incorporates bequests
We study a structure that incorporates an idealized, explicit, modern tontine which is instantaneously actuarially fair. It assumes that there is an infinite number of participants in the tontine such that the Law of Large Numbers holds with respect to the deaths occurring among the participants. This "perfect pool" assumption enables us to determine analytical solutions to the studied problems.
The consequences of the structure are that:
• participants are paid an income that is expected to last for their lifetime,
• participants are paid an income that is higher, on average, than if they were not in any longevity-pooling structure, and
• the estate of each participant receives a sum of money upon the participant's death.
We consider one of the participants in the tontine structure. Like every other participant, the pension savings they bring into the structure is ring-fenced as their own savings. They earn investment returns and longevity credits on their savings as long as they are alive, and withdraw income at a constant rate from their savings.
The retiree's savings are allocated to two accounts: the tontine account and the bequest account. The tontine account is ear-marked as part of a tontine, in which there are infinitely many participants and longevity risk is fully diversified. There is no uncertainty about the distribution of future lifetimes. The bequest account is not part of any pooling arrangement. The accounts are illustrated in Figure B .1.1. Both accounts earn investment returns at the same rate and have money withdrawn at the same rate to meet the retiree's spending needs. Thus both the bequest and the tontine account are used to fund the retiree's spending requirements. The bequest account is so-named since it is paid to the retiree's estate upon their death.
Only the tontine account attracts longevity credits. The longevity credits are distributions of other participants' accounts held within the tontine, as members of the tontine die. In turn, when the retiree themselves dies, the retiree's tontine account will be re-distributed among the tontine members. Only the value of the retiree's bequest account is left to their estate. Supposing that the force of mortality of retiree is λ(t) and their tontine account value is Y (t) at time t, then longevity credits are paid into their tontine account at the rate λ(t)Y (t). This is the perfect pool version of (Donnelly et al., 2014; Stamos, 2008) .
We assume that the force of mortality is a deterministic function and that the true force of mortality is the same as the one used to calculate the longevity credits. It is outside the scope of this paper to analyze the uncertainty about the force of mortality function and is, instead, left to future work.
The key idea for the proposed structure is that the proportion of the retiree's savings in the tontine account is kept constant relative to the total value of the two accounts. The retiree withdraws money from their accounts to live on, with the amount withdrawn at the same rate from each account. Similarly, as the two accounts are invested the same way, the account values grow at the same rate of investment return. This means that, as the two account values change at the same rate due to withdrawals and investment returns, some of the longevity credits earned on the tontine account are transferred across to the bequest account in order to maintain the relative ratio of the two accounts.
The longevity credits that are transferred out of the tontine account and into the bequest account will not be shared among the tontine participants upon the retiree's death. For our mathematical set-up, the perfect pool assumption is very important. It means that this transfer, which can occur among all the tontine participants' accounts, does not affect the rate at which longevity credits are paid to the retiree. It is left for further work, in a finite pool setting, to determine the magnitude of the impact on the longevity credits of the transfer. Here, our focus is on understanding the broad implications of the proposed tontine structure. By assuming a perfect pool, we can obtain analytical solutions which give us high-level insights into the demand for the new product from retirees.
We assume that the tontine mechanism is actuarially fair at all moments in time. In other words, each retiree's expected value of longevity credits (which are paid to the retiree as long as that retiree survives) equals the expected loss of that retiree's tontine account if they do die, over each very short time period. This is the justification for allowing the re-balancing the tontine and bequest accounts of a retiree -the longevity credits transferred from the tontine account to the bequest account are owned by the retiree and are not the collective property of the tontine members. Tontine mechanisms which are actuarially fair at all moments in time are proposed in Donnelly et al. (2014) and Sabin (2010) .
The transfer of some of the longevity credits to the bequest account has interesting potential consequences, which may or may not occur. The longer-lived retiree is more likely to end up with a higher income and more likely to end up with an income which is paid for life, compared to being in income drawdown alone. If they live a long time, they may even end up with a higher bequest than in income drawdown situation, assuming that the same investment strategy and the same amounts are withdrawn in both situations. Now we show how the values of the two accounts develop. Let
• X(t) = Y (t) + Z(t) = Total value of tontine and bequest accounts at time t, namely the total value of the retiree's pension savings, where
• Y (t) = Value of tontine account at time t, and
• Z(t) = Value of bequest account at time t.
To illustrate the functioning of the accounts, suppose the retiree earns a constant annual return r on their accounts and withdraws money at the rate c(t) of their total pension savings at time t. For example, if c(t) = 0.12 and X(t) = 100 000 then the retiree consumes at the rate c(t)X(t) = 12 000 per annum at time t. The retiree is assigned a force of mortality function λ(t) at each time t. This is where adverse selection can come in. Adverse selection effects cannot be avoided in a tontine, just as in a life annuity. However, the financial impact on the tontine member is not the same as in a life annuity, since the tontine members bear their own longevity risk and not an insurer. The retiree's true force of mortality function can be different to their assigned one. If their true force of mortality is lower than the assigned one (i.e. they are expected to live longer than implied by their assigned force of mortality) then the retiree will get larger longevity credits than they should get if we used their true force of mortality.
However there is a downside risk for the retiree in being assigned a lower force of mortality than their true one. The sustainable lifetime income, namely the retiree's total account value divided by a life annuity factor, would be calculated based on their assigned force of mortality. The retiree will draw down their account value faster than they should, based on their true force of mortality. The retiree's accounts may be exhausted before their death (assuming a constant amount is withdrawn) or their income could fall to a very low level (assuming a constant percentage of the total account value is withdrawn), if the retiree lives long enough.
Then, with the force of mortality of the retiree represented by λ(t) at time t, the dynamics of the total value of the retiree's pension savings are
Fix a constant α ∈ [0, 1] and allocate the amount αX(t) to the tontine account at all times, i.e. Y (t) = αX(t). This is the heart of the innovative feature of our proposed structure. By substituting for Y (t) in the last equation we get
dX(t) = (r + αλ(t) − c(t)) X(t)dt.
Now consider the dynamics of the tontine account, dY (t) = αdX(t) = (r + αλ(t) − c(t)) Y (t)dt. The reason why the term αλ(t)Y (t) on the right-hand side of the last equation is not λ(t)Y (t) is
due to the re-balancing of value from the tontine account to the bequest account. The longevity credit rate earned on the tontine account, λ(t)Y (t), is partially diverted to the bequest account.
The structure interpolates between a pure tontine (α = 1) to an income drawdown situation with no longevity pooling (α = 0). However, the structure is not simply a pure tontine account and a separate income drawdown account, due to the re-balancing feature.
Since the bequest account value is Z(t) = (1 − α)X(t), its dynamics are
Thus, in a sense, both the tontine and the bequest accounts gain longevity credits, one directly and one indirectly through the re-balancing. The tontine account gains longevity credits at the monetary rate λ(t)Y (t), but must then divert part of it, namely the monetary rate (1 − α)λ(t)Y (t), to the bequest account in order to maintain the desired account ratio. Having detailed the new tontine structure, a natural question is how much money should be allocated to the tontine account versus the bequest account. To answer this, we specify an optimization problem in which we allow for different strengths of a bequest motive. Our aim in this paper is for explicit solutions in order to understand the new tontine structure better. We give the optimal solution for different possible utility functions, in addition to increasing strengths of bequest motive. We do not use the Y and Z notation hereafter.
Model and problem set-up
Here we being by describing the financial market model and the mortality model within which we solve the utility maximization problem specified in Section 4.2 to determine the optimal strategies.
The parameterization of these models used in the numerical illustrations are detailed in Section 4.3.
Notation, financial market model and the retiree's characteristics
Let (Ω, F, (F t ), P) be a filtered probability space over time t ≥ 0 measured in years that fulfills the usual conditions and supports a Brownian motion W, which drives the risky asset price. The probability space also supports a random variable τ > 0 which is independent of (F t ) and represents the random time of death of the representative retiree.
There are two traded assets in the market: a risk-free bond with price process P and a risky stock with price process E. The dynamics of the prices are dP (t) = rP (t)dt and
where µ > r and σ > 0 are constants. The total value of the tontine account and bequest account is represented by the process X. Let (G t ) be the smallest filtration that makes τ a stopping time and contains (F t ). Denote byĜ n the set of all locally n-integrable, (G t )-predictable processes, for n ∈ {1, 2}. Let
• ω ∈Ĝ 2 be the proportion of the retiree's total pensions savings that are invested in the risky stock.
• c ∈Ĝ 1 be the rate at which total pensions savings are withdrawn by the retiree to meet their consumption needs. We refer to c as the consumption rate. It is important to note that c must be multiplied by the value of the total pension savings to find the monetary consumption rate. For example, if c(t) = 0.1 and X(t) = 200 000 then the monetary rate of consumption is 20 000 per annum at time t.
• the constant α ∈ [0, 1] be the proportion of total pensions savings invested in the tontine account. The tontine account and bequest account are continuously re-balanced so that this proportion is maintained at all times.
• λ be the locally integrable force of mortality assigned to the retiree. The probability of the retiree surviving for at least t years is given by the survival function
The retiree receives longevity credits at the rate αλ(t)X(t) since they have the amount αX(t) invested in the tontine account at each time t ≥ 0.
• constant x 0 > 0 be the initial total pension savings amount of the retiree. The amount αx 0 is initially allocated to the tontine account and the remaining amount (1 − α)x 0 is initially allocated to the bequest account.
The total pension savings X, i.e. the sum of the tontine account and the bequest account, is a self-financing process with dynamics
subject to X(0) = x 0 a.s.
Specification of the retiree's problem
To determine how much of their pension savings the retiree should allocate to the tontine account, we take account of the utility that the retiree gains from consumption and their bequest motive. The general form of the function to be maximized is
in which U and B are utility functions and the constant b ≥ 0 measures the strength of the bequest motive relative to the desire for consumption. The higher the value of b, the stronger the bequest motive. The constant ρ > 0 represents the fixed time preference rate of the retiree. To explain the expression (2), at the random time of death of the retiree, τ , the value of the bequest account is (1 − α)X(τ ), i.e. it is a fraction 1 − α of the total pension savings account value X(τ ). The utility derived from the bequest is B (1 − α)X(τ ) , calculated at the time of death. Before their death, the retiree consumes their pension savings at the rate c(t), t ∈ [0, τ ). The utility derived from consumption is, effectively, the sum of the utility of consumption at each time point allowing for the time preference of money. In our paper, the utility functions U and B are chosen to be either both of the power utility form or both of the logarithmic form.
Model parameterization for the numerical illustrations
In the numerical illustrations, we assume that the retiree is age 65 at time 0. Their force of mortality follows Makeham's Law so that λ(t) = A + BC 65+t with A = 2.2 × 10 −4 , B = 2.7 × 10 −6 and C = 1.124 at age 65 + t, for t ≥ 0 (Dickson et al., 2013, Example 3.13, p. 65) . This mortality law implies that a 65-year-old has a 80% chance of surviving to age 80, a 22% chance of surviving to age 95 and a less than 1% chance of being alive at age 110. Plots of the force of mortality and the probability of survival from age 65 are shown in Figure B .2.1. The financial market model is a Black-Scholes model, which is detailed in Section 4.1. For the parameters, we choose r = 0.05, µ = 0.085 and σ = 0.2. These are reasonable choices in the sense that the values lie in the range of estimations from empirical studies like J. P. Morgan Asset Management (2017).
For the time preference rate of money, we set ρ = r.
How to invest in the new tontine structure under power utility
To study the maximization of expression (2) under a power utility function, fix a constant γ ∈ (−∞, 1) \ {0} and choose
The constant γ represents the risk aversion of the retiree and 1−γ is called the constant relative risk aversion (CRRA) in the literature. The retiree becomes more and more risk averse as 1− γ → +∞. The objective function in formula (2) is well-defined with these choices of utility function. We consider two possible interpretations of the retiree's problem. These correspond to two sets over which to optimize expression (2).
In the first interpretation, the retiree has already decided their consumption rate as well as how much to invest in the tontine account. Thus both the proportion α of savings invested in the tontine account and the consumption rate c are fixed constants. We determine the optimal investment strategy for each value of α ∈ [0, 1] and c ≥ 0. While this is a restricted optimization set, since the values of α are constrained to be constant at all times, it may be a more realistic reflection of how the modern tontine with bequest is likely to operate in real life. It turns out that the optimal investment strategy is a constant proportion in the risky stock -the same proportion as in the classical power utility optimization problem (Merton, 1971 , Section 6) -for each α ∈ [0, 1]. In this case, we are able to write down an expression for the maximum value of (2) for fixed α ∈ [0, 1] and c ≥ 0. We can then find the constant α ∈ [0, 1] and c ≥ 0 that maximizes expression (2) through a numerical procedure. The analytical results are shown in Section 5.1 and the numerical results are shown in Section 5.1.1, with further sensitivity testing in Section 5.1.2.
In the second interpretation, the retiree has already decided how much to invest in the tontine account. In other words, the proportion α of savings invested in the tontine account is fixed in advance. The problem is then to determine the optimal investment and consumption strategy corresponding to each value of α ∈ [0, 1]. This is a less restrictive optimization set than the first interpretation, since the consumption rate is not constrained to be a constant.
Once again, the optimal investment strategy is a constant proportion in the risky stock, the same proportion as in the first interpretation. The optimal consumption rate is a deterministic function of time. The optimal strategies are given in Section 5.2. However, we do not run the numerical results as we wish to keep the focus on the more realistic first interpretation; retirees are more likely to choose the simple consumption rule in the first interpretation than a time-varying one as in this second interpretation. We include this example more for mathematical completeness -this is the closest we can get to an analytical solution through the relaxation on the consumption rate.
We look next at the results of these two optimizations. The technically complicated proofs are relegated to the Appendix, with some preliminary technical results shown in Appendix A.1.
Power utility with a fixed proportion α and a fixed consumption rate c
As we seek an explicit answer to understand the impact of the bequest motive, we avoid the difficulty of finding the optimal consumption strategy and assume that c is an unknown constant. We optimize over a restricted set of constant consumption rate strategies. This means that the expression to maximize (2) stays the same, but the set of controls over which it is maximized changes. Our new objective is to find an investment strategy ω ∈Ĝ 2 , a positive constant for consumption c ≥ 0 and a constant proportion in the tontine α ∈ [0, 1] for the random lifespan τ so that sup
is attained. The proofs for this section are shown in Appendix A.2. With the power utility function, the optimal proportion of total pension savings to invest in the risky stock is
The proof of the optimality of the investment strategy in equation (4) is shown in Section A.2.
To examine the finiteness of the expression (3), define
• A positive random variable A with the tail distribution
• The exponential moment of A for any p ∈ R, i.e.
• A constant k ∈ R defined as
For fixed c and α, expression (3) is finite if and only if one of two possible cases hold. Either we are in the very special case that α = 1, c = 0, γ > 0 which results in (3) equalling zero. However, this is not of interest since it means that the consumption rate is zero. The more interesting case is that the expression is finite when
The condition (6) is a technical assumption. In practice, the force of mortality increases exponentially, so that M A (−k) < ∞ no matter the value of k. For example, the Makeham's Law of mortality fulfills this condition. Furthermore, the technical condition is only a true restriction on k in highly simplified models. For example, under a constant force of mortality λ > 0, the condition (6) holds true if and only if
When the condition (6) holds and the optimal strategy (4) is followed, we find
in which the total pension savings X (t) at t ≥ 0 is given by
The consumption rate has been replaced by a constant rate c in the dynamics of the pension savings X as it is assumed to be a constant in the optimization problem.
Even though equation (7) is explicit, there is no analytic way to solve for the point of global maximum with respect to α and c, with the chosen Makeham's Law mortality model (detailed in Section 4.3). These global maximums correspond to the optimal constant proportion of savings invested in the tontine and the optimal constant rate of consumption of the problem (3). We can only find them numerically, which we do next in Section 5.1.1.
Numerical results under power utility
In this section, we investigate numerically how the optimal constant proportion in the tontine account and the optimal constant consumption rate, calculated by an evaluation of equation (7), change as the retiree's risk aversion and strength of bequest motive changes. Our aim is to understand the behaviour of the optimal constant proportion of pensions savings in the tontine account -its volatility and magnitude -as γ and b are varied. We also study the optimal constant consumption rate.
We calculate how the optimal constant percentage 100α of pension savings to invest in the tontine account varies with the risk aversion coefficient in the power utility function, allowing for different strengths of the bequest motive (Figure B.2.2) . The optimal percentage is constrained to lie in [0, 1] but it turns out that only the lower bound of zero is binding in our numerical study. With the objective of maximizing the sum of the expected discounted utility of consumption and the bequest account, there are some unexpected effects. These effects are strongest with the highest considered strength of bequest motive (b = 7), so we focus the reader's attention on those results first.
First note that, if there was no bequest motive (corresponding to b = 0), then it is optimal for the retiree to put all of their pension savings in the tontine account. This result is clear without doing any mathematical optimization. With no bequest motive, the retiree can maximize their consumption as they do not want to leave any money to their estate. However, once we allow additionally for a bequest motive, the optimal percentage in the tontine account shows unusual behaviour.
As the retiree becomes less risk averse (i.e. 1 − γ falls from value 4 to around value 0.5), the percentage in the tontine account falls. This makes sense; the retiree wishes to leave money to their estate rather than to the tontine members. They are willing to sacrifice higher consumption in order to leave a bigger bequest account. However, as the retiree becomes even less risk averse (i.e. 1 − γ falls from value 0.5 to 0), this effect is sharply reversed. The retiree allocates more money to the tontine account.
The explanation for this surprising answer is that the bequest account value gets very large, if the retiree lives a very long time. A sample bequest account value from age 65 to age 100 is shown in Figure B .2.3a. This illustrative figure assumes that the accounts are invested 100% in the risk-free bond which accumulates interest at the annual rate of 5% (unlike our numerical results which allow for investment in the risky stock), consumption is a constant rate of 9% of the total pension savings value and 80% of the pension savings are allocated to the tontine account. The bequest account value falls from value 20 at age 65 to just below value 13 at age 85. It then climbs to about 43 at age 100. There is a 6.6% chance of a retiree surviving from age 65 to age 100 in our model. Past age 100, the bequest account value starts increasing rapidly ( Figure B. 2.3b), due to the longevity credits increasing as the retiree's force of mortality grows ( Figure B.2.1a) . At age 110, the bequest account value is close to 4 000 while at age 120 the value is 17.84 billion.
To further support our explanation of the impact of extremely high bequest account values obtained at very old ages, we re-did our calculations but removed any "value" from the value function past age 100. This eliminates the utility gain from anything that may happen after age 100 and thus eliminates the utility gain from the extremely high bequest account values seen at very old ages. The result of this adjusted calculation show in Figure B. 2.4 that, indeed, we do not see the percentage allocated to the tontine increasing towards 100% for the least risk averse retirees (1 − γ roughly between 0 and 0.5). Instead, the tontine account percentage falls to zero.
It is also important to note that very few retirees survive long past age 100: the survival probability from age 65 to age 110 is 0.015 × 10 −2 and to age 120 is 4.15 × 10 −13 . However, the impact of retiree longevity on all the tontine participants should be studied in a more realistic set-up than the one assumed in this paper, which assumes that the mortality is always perfectly pooled. With low levels of risk aversion, the retiree is gambling on living a very long time and thus leaving a very large bequest to their estate. This effect is compounded by the desire to maximize the expected discounted utility of consumption, which also leads the retiree to put even more money into the tontine account. These two effects working in the same direction results in the optimal percentage to allocate to the tontine account increasing sharply as 1 − γ falls from value 0.5 to 0. As the strength of the bequest motive diminishes, the same overall pattern is observed although it is less pronounced.
Furthermore, the results are very sensitive for retirees with low levels of risk aversion and a desire to leave a bequest, as can be seen from the rapid change in the allocation to the tontine account for these retirees (B.2.2). This suggests that, for these retirees, a set up that is less sensitive to the precise choice of parameter values should be found.
The other interesting effect seen in Figure B .2.2 is that as the retiree becomes more risk averse, it is optimal to invest a little more than 80% of pension savings in the tontine account. Even as the strength of bequest motive increases, this percentage is relatively stable as risk aversion increases. The convergence to around 80% of savings in the tontine account as the risk aversion increases suggests that the bequest motive plays a much smaller role in the expected utility gains for more risk averse retirees.
We also calculate how the optimal constant rate c to withdraw from the pensions savings varied with the risk aversion coefficient (the solid lines in Figure B .2.5, labelled "with tontine") for different strengths of the bequest motive. As a benchmark, we calculated the optimal consumption rate when α = 0, i.e. a version of the classical consumption-investment power utility maximization problem, which is an income drawdown situation (the dashed lines in Figure B .2.5, labelled "without tontine").
The change in the optimal consumption rate as the risk aversion increases is similar in both structures -the modern tontine with bequest ("with tontine") and income drawdown ("without tontine"). However, the optimal consumption rate is higher for the modern tontine with bequest contract as is expected. The increase in the optimal consumption rate is higher, the more risk averse is the retiree.
Sensitivity analysis for the percentage in the tontine
The numerical results for the power utility function in Section 5.1.1 showed that around 80% of pensions savings are allocated to the tontine account, for a risk averse retiree. This percentage is surprisingly stable across the different strengths of bequest motive. How sensitive is this result to variations in the parameters?
To answer our question, we do a sensitivity analysis and find that, in general, it is not very sensitive. Again we constrain the proportion of total pension savings allocated to the tontine account to the range [0, 1]. We begin by increasing the life expectancy from age 65 by 5 years, through changing one of the mortality model parameters from C = 1.124 to C = 1.116. Then the optimal proportion in the tontine account is calculated under various financial market model parameters. The full numerical results are displayed in Figure B .2.6. Note that the corresponding original parameters given in Section 4.3 are r = 5%, µ = 8.5%, σ = 20% and C = 1.124.
For different sets of the parameters, the optimal percentage of total pension savings 100α to put in the tontine account is quite stable, for the more risk averse retirees (i.e. 1 − γ ≥ 3). It falls roughly in the range 80% − 95%. However, the variability in the optimal percentage increases as investors become less risk averse and it also increases for those with a strong bequest motive.
A lower risk-free interest rate (the parameter r) results in a higher optimal percentage in the tontine account. The longevity credits compensate for the lower interest rate, incentivizing the retiree to invest more in the tontine account.
Less volatility in the stock price (the parameter σ) results in a higher optimal percentage in the tontine account. As the stock price volatility decreases, uncertainty about the financial market outcomes decreases. Consequently, uncertainty about the monetary consumption rate and the bequest amount decreases. This means that as σ decreases, more money can be allocated to the tontine account to increase consumption while maintaining a similar bequest amount.
Next we by decrease the life expectancy from age 65 by 5 years, through setting the mortality model parameter C = 1.134. Then the optimal proportion in the tontine account is calculated under the same sets of financial market model parameters as before. The full numerical results are displayed in Figure B .2.7. Our interest is in how these results differ from the results with the higher life expectancy (Figure B.2.6) .
A higher life expectancy (derived from the parameter C) results in a higher optimal percentage in the tontine account as the retiree expects to gain longevity credits for longer. However, this is not a significant effect as can be seen by comparing the figures with the same values of parameters (r, µ, σ). For example, consider Figures B.2.6a and B.2.7a, between which there is a 10 year difference in life expectancy from age 65, with Figure B .2.6a having the higher life expectancy. There is a relatively small drop in the optimal percentage allocated to the tontine account as the life expectancy drops by 10 years.
Power utility with a fixed proportion α and a variable consumption rate c
Now we examine the second interpretation of the problem, which was outlined in Section 5. The retiree has already decided how much to invest in the tontine account, which means that the proportion α of savings invested in the tontine account is known and fixed. The problem is then to determine the optimal investment and consumption strategy corresponding to each value of α ∈ [0, 1]. Thus we allow for a variable consumption rate, unlike Section 5.1 in which the consumption rate is a constant. We show only the analytical solutions here.
For a given proportion α of savings invested in the tontine account, we can find a candidate for the optimal controls to maximize formula (2) using the Hamilton-Jacobi-Bellman equation. That is, fix α ∈ [0, 1] and find the controls (c, ω) ∈ (Ĝ 1 ,Ĝ 2 ) that attains the expression sup c,ω
A sketch of the Hamilton-Jacobi-Bellman approach is outlined in Section A.3. In this example, we are able to determine explicitly the investment strategy and the consumption rate as the solution of a particular equation, called the Chini equation. We do not numerically solve for the consumption rate.
With the power utility function, the proportion of total pension savings to invest in the risky stock is ω * (t) := w
and the rate at which to consume the total pension savings amount is c * (t) := (γh(t))
at each t ≥ 0, where h is the solution to the Chini equation
with
If b = 0, then equation (9) becomes a Bernoulli differential equation, which has an explicit solution (Bjork, 2009, Exercise 19 .2, page 308). However if b = 0, which are the cases of interest in this paper, then the solution to the equation must be determined numerically. The starting value h(0) needs to be determined either by a suitable transversality condition or by the initial condition
How to invest in the new tontine structure under logarithmic utility
Here we choose logarithmic utility functional forms in the general expression to be maximized. To study the logarithmic utility version means that we set U (x) = log(x) and B(x) = log(x) for x ≥ 0 in the objective function, shown by expression (2). As before, our objective is to find an investment strategy ω ∈Ĝ 2 , a positive percentage for consumption c ∈Ĝ 1 and a constant proportion of total pension savings in the tontine α ∈ [0, 1] for the remaining lifespan τ so that sup ω,c,α
is attained. The proofs for this section are shown in Appendix A.4. Define
in which the survival function S(t) = P[τ > t] = exp(− t 0 λ(s) ds) for t ≥ 0.
• The exponential moment of τ − t conditioned on τ > t, i.e.
S(t) ,
in which 1 D denotes the zero-one indicator function of the set D ⊆ Ω.
• The function κ A,τ :
where M A (p) := E[e pA ] is the exponential moment-generating function of A.
Next we give the optimal strategies to follow under logarithmic utility. The proof is shown in the Appendix.
The optimal strategy in the tontine structure is for the retiree to invest the constant proportion
of pension savings in the risky stock, a proportion which depends only on the market parameters. Short-selling of the risky stock is avoided, i.e. the proportion is never negative due to the assumption that µ > r. However, reasonable values for r, µ, σ can lead to portfolios with more than 100% in the risky stock. If borrowing of the risk-free bond is prohibited then, in these cases, the optimal investment strategy is 100% in the risky stock and the optimal consumption and tontine allocation are unchanged. Under logarithmic utility, the optimal rate at which to consume the pension savings is at the deterministic rate c
at time t ≥ 0, which depends only on the characteristics of the retiree, namely the strength b of their bequest motive relative to their own consumption, their time preference rate ρ and their force of mortality function (through the function M τ (−ρ, t)). The following bounds and limiting features of the optimal consumption rate are noted. The optimal proportion for consumption c * 
It is optimal to allocate the constant proportion
of the retiree's pension savings to the tontine account. This optimal proportion depends only on the characteristics of the retiree. In general, α * ≤ 1 holds true, which follows from the fact that A has a heavier tail than τ . However, there are values of b and ρ such that α * is negative. To ensure the non-negativity of the optimal α * , its expression above implies that we must choose ρ < 1/b.
Otherwise, the optimal proportion of pension savings allocated to the tontine is α * = 0. If there is no bequest motive, i.e. b = 0, then everything is allocated to the tontine account, α * = 1.
The total pension savings process resulting from following the above optimal strategies is
which is a geometric Brownian motion.
Explicit results under logarithmic utility
In this section, we investigate how the optimal constant proportion in the tontine account varies with the strength of the bequest motive. We calculate how the optimal consumption rate changes as the retiree ages, for different strengths of the bequest motive. We find that less is invested in the tontine account as the strength of the bequest motive increases. Further, the optimal consumption rate as a fraction of the total pension savings account value increases as the retiree ages. For the market parameters r = 0.05, µ = 0.085 and σ = 0.2, the optimal investment strategy under logarithmic utility (given by equation 13) is to invest 87.5% of pension savings in the risky stock and the remainder in the risk-free bond at all times. We calculate how much should a retiree allocate to the tontine account as the strength of the bequest motive increases (Figure B.2 
.8).
With no bequest motive (b = 0), the retiree allocates all of their wealth to the tontine, i.e. the retiree is a member of a pure tontine. As soon as a bequest motive exists (b > 0), the percentage in the tontine account falls, reaching 50% at b = 5. However, the rate of fall decreases with the strength of the bequest motive, as can be seen from the curvature of the line in Figure B .2.8.
With the logarithmic utility function, we are able to calculate the optimal consumption rate at each age, i.e. the rate at which the remaining pension savings are consumed. It is a deterministic rate given by equation (14). We evaluate it at different ages, in which the retiree is age 65 at time 0, for different strengths of the bequest motive ( Figure B.2.9 ). The highest consumption rate occurs with a low bequest motive (b = 1). The retiree has more incentive to consume their wealth than leave it to their estate. As the strength of the bequest motive increases, the retiree consumes less in order to leave money to their estate. However, the rates of consumption diverge with the bequest motive strength as the retiree ages. At age 65, the consumption rate is close to 7% for all strengths of bequest motive (b ∈ {1, 2, . . . , 7}). At age 90, it ranges from 8% for a relatively very strong bequest motive (b = 7) to about 18% for a relatively weak one (b = 1). It is important to note that the pension savings are likely to fall in value over time, as the retiree depletes their fund through consumption.
Conclusion
We introduce a new decumulation product, called a modern tontine with bequest, that gives retirees a chance of having both a lifelong income and leaving a bequest to their estate. The pension savings of each retiree is split between two accounts, one called the tontine account and another called the bequest account. The tontine account is part of a wider tontine pool which means two things for the retiree. One is that the tontine account attracts longevity credits, which are the share of the funds released by deaths in the tontine pool. As long as the retiree is alive, these longevity credits are, in the worst case, zero -corresponding to no-one dying in the tontine pool -and otherwise they are strictly positive. The second implication of the tontine account is that the retiree's tontine account value is lost to that retiree's estate upon their death. This is the price paid for receiving longevity credits while alive.
Both the tontine account and the bequest account grow at the same rate due to investment returns and shrink at the same rate due to consumption. However, only the tontine account gains longevity credits. Thus it will grow faster than the bequest account. A key feature of the product is that the account values are continuously re-balanced in order to maintain their relative values in a fixed ratio. The consequence of re-balancing is that some of the longevity credits are effectively transferred from the tontine account to the bequest account.
The transfer of longevity credits to the bequest account value means that, although its value will probably fall for several years (depending on the investment returns achieved and the consumption rate), eventually its value starts increasing. This is due to the increase in the size of longevity credits as the retiree gets older, which are themselves proportional to the product of the retiree's force of mortality and their total account value.
The modern tontine with bequest is based on a tontine mechanism that is actuarially fair over short time periods. This is critical to the justification for re-balancing the two accounts, and thus indirectly transferring longevity credits from the tontine account to the bequest account. The longevity credits are the "positive" reward given to the retiree for risking their tontine account value over a short time period and not dying. The loss of the tontine account upon the death of the retiree over the short time period is the "negative" reward. In an actuarially-fair mechanism, allowing for the events of the retiree surviving or dying over each short time period and the value of the reward on each event, the expected value of the reward is zero. The longevity credits belong to the retiree and the wider tontine pool has no claim on them unless they stay within the tontine account.
The product as presented has risks and uncertainties. It does not guarantee that a reasonable level of retirement income will be paid for life, nor does it guarantee a certain level of bequest to their estate. However, income drawdown, when a retiree decides how much to withdraw from their pension savings to live on and is in no pooling arrangement, guarantees neither a reasonable retirement income for life nor does it guarantee a certain level of bequest. A conventional life annuity does guarantee a lifelong retirement income but it pays no bequest.
However, the product may be very attractive to retirees. In a poll of around 180 actuaries, 50% of them chose the proposed product after it had been described to them. A further 25% chose a pure tontine product, with the remainder split evenly between a conventional life annuity contract and income drawdown.
Having presented our new, innovative product, our main research question is to ask how much should the retiree allocate to the tontine account. We frame this as a utility maximization problem, where the retiree wishes to maximize the sum of the discounted expected utility of consumption and the bequest amount. A weight applied to the discounted expected utility of the bequest amount allows us to vary the strength of the bequest motive.
Using a power utility function, we find two interesting results. First, as the level of risk aversion increases, the retiree puts a proportion of their pension savings in the tontine account that is fairly constant regardless of the strength of the bequest motive. This proportion falls initially as the retiree becomes less risk averse. The rate of fall is greatest for the strongest bequest motive.
However, our second interesting result is that for retirees with very weak levels of risk aversion, the proportion allocated to the tontine account increases. The reason is that the bequest account value can be very large at old ages. The least risk averse retirees gamble on living a long time and thus gaining not only utility from consumption but also utility from a large bequest account value.
Our results rest on strong assumptions. We assume that longevity is perfectly pooled and there is no uncertainty about the future mortality distribution of a retiree. Neither of these assumptions are likely to hold in practice. It remains to show how well the new proposed structure, the modern tontine with bequest, could operate in practice with a finite group of tontine members and uncertainty about the future mortality distribution.
A. Proofs and verification
Here we prove that the claimed optimal strategies -how much to invest in the risky stock, how much to allocate to the tontine account and how to consume the pension savings -are indeed the optimal strategies.
A.1. Technical preliminaries
Lemmas A.1 and A.4 seem to be used across the relevant literature for optimal investment strategies for pension funds. In a nutshell, there is a technical difference between expression (2) when c and ω are adapted to (G t ) and the same problem when c and ω are adapted to (F t ). The independence between τ and (F t ) can be directly applied to compute (2) when they are adapted to (F t ). However, justification is needed when they are adapted to (G t ). To the best of our knowledge, it is only stated partially in Protter (2005, p. 370) and De Angelis and Stabile (2017, Remark 2.2). In lack of a reference, we give the necessary results for completeness.
First, we introduce a technical assumption on τ . We assume that
Furthermore, we denote withF n the set of all locally n-integrable, (F t )-predictable processes. 
In case of (F t ) and τ independent such that (16) holds true, for ω ∈Ĝ n , there exists ν ∈F n such that (17) holds true.
Proof. As mentioned in Protter (2005, p. 370) , the first statement follows from an application of the Monotone Class Theorem. For the second statement, consider the set
In view of (17), the local integrability of ω ensures the local integrability of ν until time τ , hence
From Dellacherie and Meyer (1978, p. 43, Theorem 13 and p.58, Theorem 33) , the measurable projection theorem ensures that D t is a measurable set, which belongs to F ∞ . In particular, assumption (16) implies
Now, we argue via contradiction that v is a locally integrable process. Therefore, we assume that v / ∈Ĝ n and in turn assume that there exists an s ≥ 0 such that P[D s ] > 0. In view of (20),
As of (19) and (21), P[τ < s] > 0. Combining this with (16) shows that
Using these two last results together with (19), we find that
contradicting the independence between (F t ) and τ .
Remark A.2. In Lemma A.1, an assumption like (16) is necessary to ensure that local integrability of ω implies local integrability of ν as the following example shows. Let
be an independent random variable, and let ω(t)
for all 1 > t ≥ 0 and ν is not locally integrable, however ω is locally integrable.
The next lemma shows that the problem formulation for the logarithmic case in Section 6 is well-defined. 
More precisely, both summands in the above integral are quasi-integrable and have an expectation that is smaller than ∞.
Proof. In view of Protter (2005, p. 84, Theorem 37) , equation (1) has a unique solution that can be expressed in the following way,
Taking the logarithm yields
Now, we estimate the terms occurring in (22). As x 0 is a constant, the following estimates hold true.
The following function is bounded above, as it is quadratic and concave,
Hence, the following estimates hold true.
Let Z be a continuous local martingale with Z(0) = 0. Using the supermartingale property of a stochastic exponential E, Fatou's Lemma and exp(u) ≥ u for all u ≥ 0, we observe that
with [Z] being the quadratic variation of Z. In particular, we observe that
Now, because of Lemma A.1, we can assume without loss of generality that ω is independent from τ . In particular, a product of positive independent functionals of ω and τ commutes with the expectation. Applying (28) to the resulting product of expectations yields the following estimates,
In view of (11), we observe that
Using exp(u) ≥ u + for all u ≥ 0 and c ≥ 0, we find that
In view of b ≥ 0, adding the above estimates (24)- (25), (26)- (27) and (29)- (33) yields the statement.
As mentioned before, Lemma A.4 below seems to be used across the relevant literature for optimal investment strategies for pension savers. Since we could find no reference proving this statement, we show it below for completeness.
Lemma A.4.
= sup
More precisely, for any given ω, c, fromF 1 ,F 2 respectively, the equality between lines (34) to (35) holds even without the supremum for both summands in the above integral.
Proof. In view of Lemma A.1, for given ω ∈Ĝ 2 and 0 ≤ c ∈Ĝ 1 , let ν ∈F 2 and 0 ≤ ε ∈F 1 be such that (17) holds true, respectively. Let Y be a stochastic process with dynamics given by (1) in which X := Y , ω := ν and c := .
As ν and ε are independent of τ , the process Y is independent of τ . As the involved processes are quasi-integrable (see Lemma A.3 for the logarithmic case) we are able to apply Fubini's theorem, which reveals that
This together withF n ⊆Ĝ n and a simple inequality argument shows the statement.
A.2. Power utility: Optimal strategies for a fixed consumption rate c
Proposition A.5 proves the optimality of the investment strategies stated for the power utility and the log utility in Sections 5.1 and 6, respectively. Proposition A.6 completes the proofs required for Section 5.1.
Proposition A.5. If c is a deterministic control, then the optimal investment strategy ω * ∈F 2 for the Problem (2) with U and B both of the power utility is given by (4). With U and B both of the log utility form, the optimal investment strategy is given by (13).
Proof. We give the proof in case of logarithmic utility, the proof for the power utility follows in a similar way. Let ω ∈F 2 and t ≥ 0. In view of Protter (2005, p. 84, Theorem 37), equation (1) has a unique solution that can be expressed with the stochastic exponential E in the following way,
Taking the power to γ ∈ (0, 1) yields
The first and second order conditions for f γ with respect to u are
In particular, u
is the unique point of global maximum of the strictly concave function f γ . As γ > 0, this implies that
Taking expectations on both sides and using c deterministic to apply the supermartingale property of E yields that
Taking the logarithm on both sides, applying Jensen's inequality, dividing by γ and, in a second step, taking the limit as γ ↓ 0 followed by a comparison with (13) yields
Inequality (37) becomes an equality when ω, X are replaced with ω * , X * . In this case, E is a true martingale as can be seen from Novikov's condition and ω * being deterministic.
Since B(x) = U (x) = log(x), the integrand in (35) is linear in log X. Applying (37) to (35) yields
In fact, as ω * ∈F 2 , the above inequality yields equality. This implies the statement as the supremum of (2) coincides with (35) according to Lemma A.4.
Proposition A.6. In the power utility Problem (3), the statements (6) and (7) hold true.
Proof. We follow up on the proof of Proposition A.5. The inequality (36) becomes an equality when ω, X is replaced with ω * , X * , respectively; see equation (4). This is true for all γ ∈ (−∞, 1) \ {0}.
Thus, using (5), (11) and (36), we can compute (35) in the following way.
Notice that γ < 1 and α ≤ 1, hence 1 − γα > 0, and therefore 1/(1 − γα) is well-defined. In case of k = 0, using integration-by-parts, we can see that
If
Next we consider the case of M A (−k) < ∞. It always holds for k > 0 that e −ku P[A > u] → 0 for u ↑ ∞. Furthermore, in case of k < 0, the following estimate holds true,
In particular, rearranging the terms and taking the limit shows that
Applying (41) to (39) and combining it with (40) shows then that
On the other hand, using Fubini's theorem, we can show
Moreover, it always holds true that
The statement follows from combining (38) with (42)- (44).
A.3. Power utility: the candidate for a variable consumption rate c
In this section, we sketch a Hamilton-Jacobi-Bellman approach to find a candidate for the optimal investment and consumption strategy under a power utility function, assuming that a fixed proportion α of savings is allocated to the tontine account at all times. We wish to maximize
over the set of investment and consumption strategies, for the wealth dynamics given by
We begin by defining the value function
To integrate out τ , the random time of death, note that its probability density function conditional on the individual surviving to time
Using Lemma A.4 the value function can be re-written as
Changing the order of integration and denoting by E t,x the expectation conditional on X(t) = x,
Thus upon defining for notational ease the function
the value function can be re-expressed as
We begin by deriving the relevant Hamilton-Jacobi-Bellman equation, following the technique in Bjork (2009, Chapter 19) . Assume that from time t to time t + h, the participant follows arbitrary investment and consumption strategies (ω(s), c(s)), for s ∈ (t, t + h]. After time t + h, the participant follows the optimal consumption and investment strategies. Then
Define the operator
Assuming sufficient differentiability so that we can apply Ito's lemma to the product
, we use the wealth dynamics in (45) to find
Substituting (48) into (47), the expectation of the stochastic integrals vanishes, leaving
Rearranging the last inequality and cancelling out the V (t, x) terms, we obtain
Divide by h > 0, let h go to zero and assume enough regularity so that we can take the limit within the expectation to obtain
If we choose the optimal consumption and investment strategies, and substitute back in forÛ (t) from equation (46), then we obtain equality:
Guessing the form of the value function
the first order conditions suggest that a candidate optimal investment strategy iŝ
and a candidate optimal consumption rate iŝ
Setting ω :=ω and c :=ĉ(t) in equation (50), and using the candidate value function (51) results in
which is precisely (9).
A.4. Log utility: Optimal strategy for a variable consumption rate c
In this section, we give most of the proofs that relate to Problem (10). First, we derive the solution using an heuristic argument, then we verify this solution. The other proof required is to show the optimality of the investment strategy (13); this is proved in Proposition A.5. We begin by defining the corresponding value function for x > 0 and t ≥ 0 as
We observe that V (x, t) and V (y, t) for x, y > 0 only differ by a constant that is independent of t ≥ 0. In particular, no matter what amount x at t is given, the optimization problem leads to the same controls ω * , c * , α * . In particular, this indicates that the optimal controls are independent of the optimal wealth process, hence this indicates that the optimal controls are deterministic. If c is a deterministic control, then Proposition A.5 implies that the optimal investment strategy ω * is given by (13). Moreover, if c, ω are deterministic controls, then the optimal α * can be written as a solution to an associated deterministic optimization problem. Proof. Under the optimal investment strategy, equation (37) holds with equality. Thus,
In particular, the optimal percentage α * ≤ 1 coincides with the point of global maximum of the following function,
. The first and second order condition for g are
In particular, α * from (15) is the unique point of global maximum of the strictly concave function g for α ∈ R. In view of (11), the inequality P[τ ≤ t] ≥ P[A ≤ t] holds true for all t ≥ 0. Thus, we see that
In view of b, p ≥ 0 and equations (12) and (15), the inequality α * ≤ 1 holds true. Hence, α * from (15) is the unique point of global maximum of g for α ≤ 1, and therefore it is the optimal percentage in the logarithmic case, Problem (10).
In view of (52), if c is deterministic, then the optimal c * for Problem (10) coincides with the solution to a calculus of variations problem that is given by
Using the Euler-Lagrange equation and an appropriate transversality condition, it can be shown that a candidate for the solution is given by (14).
In preparation for the verification of w * , c * , α * defined by (13)- (15), respectively, to be the optimal solution for Problem (10), we introduce a couple of new functions. One of them we call V and will prove that it is the value function of the underlying Problem.
Definition A.8.
Lemma A.9 (Solution to the HJB-equation 
Moreover, c * , ω * defined by (13),(14) , respectively, correspond to the solutions of the maximization problem inside of (56).
Proof. First, we establish that ϕ, ψ are finite functions, which then implies that V has the claimed regularity because of Lebesgue's Fundamental Theorem of Calculus. Using integration-by-parts and the fact that Sλ is the probability density function of the random variable τ , we can see that
Thus, comparing the definitions (14), (54) of c * ,ϕ, respectively, with (57) shows that
which implies that ϕ is finite.
As ρ > 0 and 1 ≥ M τ (−p, t) ≥ 0, a bit of algebra applied to (58) shows that
In particular,
In view of (54),(58) and ϕ finite (as shown before) as well as bλ ≥ 0, we find for large enough t that
As α < 1, the term log(1 − α) is finite. In particular,
The functions Sλ and t → (1+pt)e −ρt and t → ∂ t (ϕ(t)(log ϕ(t)−1)) are integrable. In particular, (60)- (62) are finite and integrable, and ϕ, ψ are in turn finite, hence V has the claimed regularity. Next we define two functions that correspond to the two underlying maximization problems within (56) .
The first and second order conditions for both of these functions are
In particular, h and i are strictly concave functions with global maximum at c * and w * as given as in (58) and (13) respectively. It is straightforward to check that V fulfills (56).
Lemma A.10 (Transversality condition). Let α < 1. Let c, ω be elements fromF 1 ,F 2 , respectively. If the corresponding wealth process X, whose dynamics satisfy (1), fulfills
then there exists a sequence of real numbers t n ↑ ∞, depending on c and ω, such that
Proof. In view of Lemma A.3, Lemma A.4 and the assumption (63), we can see that
Moreover, as both summands inside of the integral are bounded above under the expectation and integral -see Lemma A.3 and Lemma A.4 -we find that
In view of Protter (2005, p.84, Theorem 37) , equation (1) has a unique solution; see (23). In particular, we can rewrite (64) as
σω(s) dW (s) is a true martingale. Hence, using (65) again,
The results (66),(67),(69) and the martingale property of t → t 0 σω(s) dW (s) imply that
Thus there exists a sequence of real numbers t n ↑ ∞ such that
Finally, comparing this with (55), (53), (59) 
S(t)e −ρt log c(t)X(t) + b log (1 − α)X(t) λ(t) dt (70)
and V (0, X 0 ) = E ∞ 0 S(t)e −ρt log c * (t)X * (t) + b log (1 − α)X * (t) λ(t) dt .
Proof. For α = 1 the right-hand side of (70) equals −∞. Thus, we can assume that α < 1. If the expectation in (63) equals −∞, then inequality (70) Now, the statement follows from an application of the Itô-formula to the C 1,1,2 -function (ϕ, log(x), ψ) → ϕ log(x) + ψ evaluated at the special sequence from Lemma A.10 for a given c, ω corresponding to X together with Lemma A.9.
In particular, combining Lemma A.4 and Proposition A.11 shows that w * , c * , α * from (13)- (15) is the optimal solution to the logarithmic Problem (10).
B. Tables, diagrams and here assumed to be 50%. Before re-balancing and before consumption is deducted, the value of the tontine account is 520 units and the value of the bequest account is 500 units, giving a total pension savings value of 1 020. After consuming 50 units (25 units from each account), the total value of pension savings is 970 units. Re-balancing the tontine account to the chosen proportion of 50% of total pension savings, each account has value 485 units. Figure B.2.9: The optimal consumption rate c(y − 65) as a percentage of the total pension savings X(y − 65) as retiree's age y increases from 65 to 100, for various strengths of bequest motive b, under logarithmic utility.
B.2. Figures
